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Veri� cation and Validation of Adaptive Finite Element Method
for Impingement Heat Transfer

É. Turgeon¤ and D. Pelletier†

École Polytechnique de Montréal, Montréal, Québec H3C 3A7, Canada

Aadaptive � nite element computations of laminar and turbulent jet impingement heat transfer are presented.
Turbulence is modeled using the standard k–² model for high Reynolds number, coupled with wall functions.
The turbulence model is solved in logarithmic form. The error estimator uses a local least-squares projection of
derivatives and accounts for errors in all dependent variables, including the eddy viscosity. The performance of
the methodology is veri� ed by solving a problem possessing a closed-form solution. Two applications are then
considered: laminar and turbulent impingingjets. In both cases heat transfer is a key element of the study. Results
indicate that the methodology produces grid-independent solutions even for derived quantities in thin boundary
layers. Emphasis is put on these accuracy veri� cations. Numerical predictions are compared to experimental data
to validate the � ow models.

Nomenclature
C f = skin-friction coef� cient
C p = pressure coef� cient
C²1 , C²2, C¹, = k–² model constants
¾k , ¾²

cp = speci� c heat at constant pressure
d = pipe diameter
E = roughnessparameter
E = natural logarithm of ²
K = natural logarithm of k
k = turbulence kinetic energy
L = pipe exit height above plate
Nu = Nusselt number
Pr = Prandtl number
p = pressure
qw = wall heat � ux
q 00 = imposed wall heat � ux
Re = Reynolds number
St = Stanton number
T = temperature
U = reference velocity
u = velocity
u; v = velocity components
x; r = cylindrical coordinates
y = distance to the wall
² = turbulence dissipation rate
· = Kármán constant
¸ = thermal conductivity
¹ = viscosity
½ = density
¿w = wall shear stress

Subscripts

i = from the preceding iteration
T = turbulent
t = tangent to the wall
w = at the boundary or at the wall
z = normal to the wall
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C = dimensionless (wall functions)
1 = freestream value

Introduction

IMPINGING round jets arewidely used in industry.The very high
heat transfer coef� cients they generate make them particularly

attractive for cooling, drying, and heatingoperations.Turbulent jets
are more frequently encountered and have received more attention
from the scienti� c community. Both laminar and turbulent jets are
consideredwith a focus on heat transfer predictions.However, � ow
predictions are also considered because they affect heat transfer.

The diversity of behaviors exhibited by impinging jets makes
them interesting for a numerical study. They contain thin boundary
and shear layers, impingementregions, free and wall jets, stagnation
points, streamline curvature, heat transfer, and so on. Such a diver-
sity constitutes a demanding test for computational heat transfer
codes and especially for adaptive methods.

As already reported,1 4 predictions by different authors for a
given problem are sometimes quite different. The sometimes sur-
prising scatter in the results is caused by a combinationof elements:
mathematicalmodel, geometry and boundaryconditions,mesh, nu-
merical scheme, and so on. Often, authors report results from a
single structured mesh computation without performing any grid-
re� nement studies. The accuracy of their predictions cannot be as-
sessed.The objectiveof the presentpaper is to controland maximize
the accuracy of the solution so as to obtain numerically exact so-
lutions to the differential equations. With systematic adaptive grid
re� nement discretizationerrors become negligible.The differences
between the numerical results and the experimental measurements
are thus a matter of modeling. Validation of the turbulencemodels,
for instance, may be performed rigorously on that basis.

Impingingjets constitutea particularlyattractive test case for val-
idation of turbulence models. In fact, the performance of the k–²
model of turbulence is known to be poor for this problem. Behnia
et al.5 and Craft et al.6 report that heat transfer and the turbulence
kinetic energy are widely overpredictedin the impingement region,
when using a low-Reynolds-number k–² model. Behnia et al. pro-
pose to use a tailored turbulence model V2F and show improved
behavior for this speci� c application. Also, wall functions were
not especially developed for impinging � ows. However, some au-
thors obtained reasonable heat-transfer predictions using the stan-
dard k–² model with wall functions,3 but no grid-re� nement studies
were reported. Despite its anticipated weakness, we choose to use
the simpler standard k–² model with wall functions. This choice
will demonstrate the capability of the adaptive strategy to perform
systematic veri� cations, thus allowing a rigorous validation of the
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turbulence model for this type of � ow. We will con� rm/in� rm the
trends observed by other authors.

Adaptive methods provide a powerful approach to achieve such
levels of accuracy especially for complex problems. The error esti-
matorprovidesa quanti� cationof the error,and the adaptivestrategy
becomes a simple means of verifying grid convergence. The adap-
tive methodology presented in this paper was previously applied
with success to the k–² model,7;8 the k–! model,9;10 laminar and
turbulent heat transfer,1;11 16 and compressible turbulent � ows.17

The paper is organized as follows. First, the modeling aspects are
presented: the Reynolds and energy equations, turbulence model,
and wall functions.The logarithmicvariable approachfor positivity
preservation is then reviewed. It is followed by a summary of the
� nite element algorithm. Next, the adaptive methodologyand error
estimatorarepresented.The � rstcomputationalresultspresentedare
thoseof a veri� cationexercise:a grid-re� nementstudyona problem
possessing a closed-form solution. The adaptive methodology is
then applied to laminar and turbulent impinging jets. The paper
ends with conclusions.

Modeling of the Problem
Reynolds-Averaged Navier–Stokes Equations

The � ow regime of interest is modeled by the Reynolds-averaged
Navier–Stokes equations:

r ¢ u D 0

½u ¢ ru D r p C r ¢
©
.¹ C ¹T /[ru C .ru/T ]

ª
C f

½cpu ¢ rT D r ¢ [.¸ C ¸T /rT ] C qs

where f is a body force and qs is a heat source. The turbulentvisco-
sity¹T is computedusingthek–² modelof turbulence.The turbulent
conductivity¸T is computed as

¸T D cp¹T =PrT

where the turbulent Prandtl number PrT is equal to unity. The sys-
tem of equations is closed by including transport equations for the
turbulence quantities.

Standard k–² Model

For this model the turbulence quantities are the turbulence ki-
netic energy k and its dissipation rate ², which are governed by the
following transport equations18:

½u ¢ rk D r ¢ [.¹ C ¹T =¾k/rk] C ¹T P.u/ ½²

½u ¢ r² D r ¢ [.¹ C ¹T =¾²/r²] C C²1.²=k/¹T P.u/ C²2½.²2=k/

where the production of turbulence is de� ned as

P.u/ D ru : [ru C .ru/T ]

The eddy viscosity is computed from k and ² by

¹T D ½C¹.k2=²/

The constants ¾k , ¾² , C²1 , C²2, C¹ take on the standard values
proposed by Launder and Spalding18:

¾k D 1:0; ¾² D 1:3

C²1 D 1:44; C²2 D 1:92; C¹ D 0:09

Wall Boundary Conditions

On a solid wall a combination of Neumann and Dirichlet condi-
tions are imposed through wall functions,which describe the asym-
potic behavior of the different variables near a solid boundary.18

The normal derivativeof the turbulence kinetic energy (TKE) is set
to zero near the wall. Thus, the TKE values at boundary points kw

are computed implicitly. A mixed boundary condition for the mo-
mentum equations relates the wall shear stress ¿w to the tangential
velocity at the boundary u t :

¿w D u t

±
½C

1
4

¹ k
1
2

w

².
uC

where

uC D
»

yC for yC < yC
c

.1=·/ .E yC/ for yC ¸ yC
c

yC D ½C
1
4

¹ k
1
2

w y
¯

¹

Here E D 9.0 for smooth walls. The normal velocity is set to zero.
Boundaryconditionsata wall for theenergyequationare enforced

bya temperaturewall functionsimilar to thatusedfor themomentum
equations. If a constant heat � ux q 00 is imposed, a classical natural
boundary condition is used: qw D q 00. Otherwise, if the wall is at a
constant temperature, the effective heat � ux in the wall function is
computed as

qw D
h
½cpC

1
4

¹ k
1
2

w .T Tw/

.
T C

i

where Tw is the wall temperature and T C satis� es the following
relations19:

T C D

8
>>><

>>>:

PryC for yC < yC
1

a2
PrT

2a1.yC/2
for yC

1 · yC < yC
2

PrT

·
.yC/ C ¯ for yC

2 · yC

with the following de� nitions:

yC
1 D 10

.
Pr

1
3 ; yC

2 D .·=a1/
1
2

a1 D 10 3PrT ; a2 D 15Pr
2
3

¯ D a2 PrT =2· [1 C .·=a1/]

Finally, the turbulence dissipation rate at boundary points is com-
puted as follows:

²w D C
3
4

¹ k
3
2
w

.
·y

Logarithmic Form of the Turbulence Equations
Although mathematically correct, the turbulence equations can

cause numerical dif� culties. For example, the eddy viscosity may
become negative if ² becomes negative. This causes a dramatic
breakdownof the solver. Also, several source terms containdivision
by a turbulence variable. Negative or small values of the denomi-
nator can cause improper sign or overly large values of the source
terms. Enhanced robustnessof the algorithmwill be achieved if one
can ensure that turbulencevariables remain positive throughout the
domain and the course of iterations.

One way to preservepositivityof the dependentvariablesconsists
in solving for their logarithms.8;20 This can be viewed as using the
following change of dependent variables:

K D .k/ E D .²/

Solving for K and E guarantees that k and ² will remain pos-
itive throughout the computations. Hence, the eddy viscosity ¹T

will always remain positive. This approach is referred to as solving
for logarithmic variables. Furthermore, turbulence quantities often
present very steep fronts that are dif� cult to solve accurately. Log-
arithmic variables K and E present smoother variations than those
of k and ² because the logarithm varies more slowly than its argu-
ment. Thus, more accurate solutions are obtainedwhen logarithmic
variables are used.
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The transport equations for the logarithmic variables are

½u ¢ rK D r ¢ [.¹ C ¹T =¾k /rK] C .¹ C ¹T =¾k/.rK/2

C ¹T e K P.u/ ½eE K

½u ¢ rE D r ¢ [.¹ C ¹T =¾² /rE ] C .¹ C ¹T =¾² /.rE/2

C C²1¹T e K P.u/ C²2½eE K

The equationsfor logarithmicvariablesare equivalent to the orig-
inal equationsof the turbulencemodel. Hence, the turbulencemodel
is unchanged. Only the computationalvariables are different.

Solution Algorithm
A robust � nite element scheme is obtained by rewriting the equa-

tions for k and ² using the eddy viscosity de� nition.7 Thus, ² can
be rewritten as

² D ½C¹

¡
k2

¯
¹T

¢

to achieve the following block-triangular form of the turbulence
equations:

½u ¢ rk D r ¢ [.¹ C ¹T =¾k /rk] C ¹T P.u/ ½2C¹

¡
k2

¯
¹T

¢

½u ¢ r² D r ¢ [.¹ C ¹T =¾²/r²] C ½C²1C¹k P.u/ C²2½.²2=k/

After some algebra the following logarithmic form of the tur-
bulence equations is obtained for implementation in the the � nite
element algorithm:

½u ¢ rK D r ¢ [.¹ C ¹Ti=¾k /rK] C .¹ C ¹Ti=¾k/.rK/2

C ¹Tie
K P.u/ ½2C¹

¡
eK¯

¹Ti

¢

½u ¢ rE D r ¢ [.¹ C ¹Ti=¾² /rE ] C .¹ C ¹Ti=¾²/.rE/2

C ½C²1C¹eK E P.u/ ½C²2eE K

The eddy viscosity ¹T and its values at the preceding iteration ¹Ti

are evaluated by

¹T D ½C¹e2K E

¹Ti D ½C¹e2Ki Ei

The preceding equations are solved in a partly segregated manner
using the following algorithm:

1) Given initial conditions ui , Ti , Ki , and Ei

2) Compute ¹Ti from Ki and Ei

3) for ¹Ti given
a) solve momentum, continuity and energy
b) solve the K equation
c) solve the E equation
d) update ¹T and go to 3.

Subiterationsof steps3b–3d are also used to acceleratethe overall
convergenceof the iterative process.

The preceding equations are completely equivalent to those pre-
sented in the preceding section even though some terms appear in
a different form. These differences arise from the fact that, here,
the k ² system is written in upper triangular form before using
logarithmic variables.

The Navier–Stokes and turbulenceequationsare solvedby a � nite
elementmethod.The equationsare discretizedusing the seven-node
triangularelement,21 whichusesanenrichedquadraticvelocity� eld,
a linear discontinuouspressure, and a quadratic interpolant for the
logarithms of turbulence variables and for the temperature.

Adaptive Methodology
The adaptive remeshing procedure used here is modeled after

that proposed by Peraire et al.22 and is described in more details
by Ilinca.7;20 The procedure clusters grid points in regions of rapid
variations of all dependent variables: velocity, pressure, tempera-
ture, logarithmic turbulencevariables, and the eddy viscosity. Error
estimates are obtained by a local least-squaresreconstructionof the
solution derivatives.23;24 For the velocity � eld, the strain rate tensor
is used for error estimation. An error estimate of the pressure so-
lution is obtained by a local projection of the pressure � eld itself.
Error estimates are obtained for the turbulence variables by pro-
jecting the � nite element derivatives of K and E into a continuous
� eld. An error estimate for the temperature is obtained in a simi-
lar fashion. Finally, an error estimate for the eddy viscosity is also
constructed because slowly varying � elds of K and E can result in
rapid variation of the eddy viscosity. This is very important to the
success of adaptation in turbulent � ows because the eddy viscosity
is the sole mechanism for diffusion of momentum and turbulence
kinetic energy by turbulent � uctuations.See Refs. 7, 25, and 26 for
examples and some discussions of these issues.

Once the error estimates are obtained for all variables, a better
mesh must be designed. In our approach all variables are analyzed
and contribute to the mesh adaptation process. For this an error
estimate is obtained separately for each dependent variable. The
mesh characteristics(element size) are derived for each variable on
a given element. The minimum element size predicted by each of
the dependent variable is selected on each element. Details of the
steps of this algorithm are presented in references.20;27

Veri� cation
The methodology is � rst validated on a problem possessing a

closed-form solution. This problem is chosen so as to simulate a
laminarroundjet impingingon a heated� at plate.The exactsolution
is

u D 100x2
¡
e x2r2

e 0:01
¢

v D 100xr
¡
e x 2r 2

e 0:01
¢

p D 1=[1 C 1000.r 2 C x2/]

T D e400x=.1 C 4r2/

Appropriate source terms are obtained by substituting the preced-
ing expressions into the Navier–Stokes and energy equations. The
thermal boundary layer is much thinner than the velocity boundary
layer. The temperature distribution is thus much more dif� cult to
capture accurately than the velocity � eld. The geometry is illus-
trated in Fig. 1. The curved boundary corresponds to a streamline

Fig. 1 Geometry for the analytical jet.
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Fig. 2 Trajectory of the error for the analytical jet.

Fig. 3 Nusselt-number predictions for the analytical jet.

where the velocityvanishes.Symmetry conditionsare applied at the
bottomwhile Dirichletboundaryconditionsare applied everywhere
else. We set Re D 50 and Pr D 0:7.

The adaptivestrategyis set to reduce the error by a factor2 at each
adaptive cycle (except for the last cycle, because of memory space
constraints). Figure 2 shows the evolution of the error norms during
the adaptive process. The norms used involve the � rst derivatives
of the � ow variables. Hence, this constitutes a demanding task. The
error decreases with mesh re� nement, and the numerical solution
converges to the exact solution.The relative error (ratio of the norm
of the error over the norm of the solution) is about 0.07% for the
velocity and 1% for the temperature on the � nal mesh. Thus, the
solution is very accurate even for derived quantities. As expected,
the temperature gradient is less accurate than that of the velocity.
Errors are plottedagainst the numberof nodesbecausethe mesh size
is dif� cult to de� ne precisely for unstructuredmeshes. The number
of nodes behaves approximately as 1=h2 . Hence, the observed unit
slope in Fig. 2 agrees with the theoretical rate of convergence of
two for quadraticelements. Finally, the error estimate is close to the
true error. The � nite elementvelocity appears to be in its asymptotic
range of convergenceon coarser meshes than temperature because
it presentsmilder gradients than temperature.Moreover,most of the
temperature error is located in the elements along the wall where
the performanceof the error estimator is known to be poorer. How-
ever, despite these observations, the accuracy of the error estimate
improves as the mesh is re� ned.

The Nusselt-number distribution along the plate is shown in
Fig. 3. The Nusselt number is de� ned as

Nu D qwl=¸.Tw T1/

Fig. 4 Nusselt-number predictions: use of r.

where l is the characteristic length and T1 is the inlet temperature.
Because the problem is solved in dimensionless form, Nu reduces
to

Nu D
@T

@x

­­­­
x D 0

Predictions on the � rst meshes are poor, but they improve with
mesh re� nement.The numericalsolutionclearlyconvergesto theex-
act solution indicatingthat adaptivitycan producegrid-independent
solutions. The region near the symmetry axis (r D 0) experiences
the largest errors. This is in part because of the extreme thinness of
the thermal boundary layer in this region. However, there is another
important cause to this behavior: the manner in which the error is
distributed by the adaptive procedure. The transition operator at-
tempts to equidistribute the norm of the error on each element. For
axisymmetric problems the natural norm is of the form

Z
? r dr dx

The direct effect of the r in the norm is that errors located away
from the axis weigh more heavily in the new mesh design than those
located near the axis. Thus, if the error norm is equidistributed, the
derivative Nu will be less accurate near the axis. In practice, one is
interested in uniformlyaccurate values of the local Nusselt number.
This is better achievedusing a cartesiannorm (without the r ), which
amounts more closely to equidistribution of the average pointwise
error. Figure 4 compares the results obtained with or without the
use of r in the norms of the error, on a typical intermediateadaptive
cycle. As expected, the use of r generates solutions that are less
accurate near r D 0 but more accurate farther away. Without the use
of r , the elements generated near r D 0 are smaller, and the error is
more uniformly distributed.

Computational veri� cations for turbulent cases with a closed-
form solution can be found in Ref. 27.

Applications
Laminar Jet

The � rst application involves a laminar round jet impinging on a
heated � at plate. The con� gurationcorresponds to the experimental
conditions of Scholtz and Trass.28 The Reynolds number based on
the inlet mean velocity and tube diameter is Re D Ud=º D 950, and
the Prandtl number is 0.71 (air). The distance L between the jet lips
and the wall is 2d. The computational domain is shown in Fig. 5.
It extends 20d from the axis in the radial direction and 3d upsteam
of the jet lips. A parabolic (fully developped) velocity pro� le is
assumed at the inlet.The wall is maintainedat constant temperature.

The r was eliminated from the error norms becauseits wide range
(from 0 to 20) is expected to cause accuracy problems near the axis
as already demonstrated. The predicted distribution of the Stanton
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Fig. 5 Geometry for the laminar jet.

Fig. 6 Stanton-number predictions for the laminar jet.

number [St D Nu=.Re Pr/] is shown in Fig. 6. Predictions on the
� rst mesh are irregular, oscillating,and inaccurate.However, as the
mesh is re� ned, predictions converge to a single curve. The small
differencesbetween the last two meshes indicate that the solution is
grid converged. Thus, the adaptive methodology is an ef� cient and
straightforward way to perform grid-re� nement studies and thus
assess numerical accuracy. The solution appears to be uniformly
accurate even near r D 0. This would not have been the case if the
axisymmetric norm (with r ) had been used.

Comparisons with experimental data show good agreement. The
general behavior is reproduced. However, the global trend is an
overprediction of the Stanton number. Other authors have reported
similar observations.Saad et al.29 report overpredictionsalmost ev-
erywhere, and Aihara et al.30 overpredictSt near the axis but under-
predict it further away. Close examination of temperature contours
by Aihara et al.30 indicates that their � rst-order scheme suffers from
excessive numerical diffusion. This reduces the Stanton number,
especially far from the impingement region.

Figure 7 presents the predictions of the skin-friction coef� cient
C f , de� ned as

C f D ¿w

¯
0:5½U 2

In the present case this leads to

C f D 2
Re

@v

@x

Predictions on the initial mesh are poor but improve greatly as the
mesh is re� ned. The differencesin the � nal meshes are so small that
we can conclude that the solution is grid independentand highly ac-
curate, even for derivedquantitiessuch as C f . No experimentaldata
are available.However,predictionsare comparedwith thenumerical
results of Deshpande and Vaishnav.31 The results are similar.

Fig. 7 Skin-friction predictions for the laminar jet.

Fig. 8 Pressure coef� cient predictions for the laminar jet.

As a � nal veri� cation of convergence, Fig. 8 presents the distri-
bution of the pressure coef� cient C p along the plate:

C p D
p p1

0:5½U 2

The solutions on the � nal meshes are clearly grid converged. Fur-
thermore, convergenceis faster for the presssure than for the deriva-
tives of T or u. This illustrates that the adaptive methodology is a
useful tool to visualize and verify grid convergence.The numerical
predictions are very close to the experimental data of Scholtz and
Trass,28 which are not exactly at the same conditions.

Turbulent Jet

We now turn our attention to a turbulentimpinging jet. It has been
repeatedly claimed that the k–² model is de� cient for this � ow. In
spite of this shortcoming, this severe test case serves to illustrate
veri� cation and validation exercices.The geometry is similar to the
precedingcase: the points ( 3,20) and (2,20) are changed to ( 2,5)
and (2,5) (Fig. 5). The plate is located at a distance L D 2d from
the jet lips. The experimental data used for comparison are those
providedat the 15th Meetingof the IAHR WorkingGroup.3 Because
the � ow data and temperature measurements are not exactly at the
same conditions, two independentcomputations were made. The r
is included in the de� nition of the error norm. This more traditional
approach illustrates the effects of r . Also, the maximum value of r
is lower than in the preceding case, and so its effect is expected to
be less pronounced.

First,we considerthe isothermalturbulentjet.The Reynoldsnum-
ber based on the inlet bulk velocityU and pipe diameterd is 23,000.
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a) uz/U at r/d = 0:5

b) uz/U at r/d = 1:0

c) v/U at r/d = 0:5

d) v/U at r/d = 1:0

e) k/U2 at r/d = 0:5

f) k/U2 at r/d = 1:0

Fig. 9 Predictions of uz/U, v/U, and k/U2 for the turbulent jet.

Fully developedconditions,obtained in a separate computation,are
imposed at the inlet. Adaptivity is set to reduce the error by a factor
of 2 for u, k, ² , and ¹T , except for the � nal mesh for which the
reduction factor is set to 1.4.

Figure 9 compares predictions and measurements of uz (the ve-
locity component in the directionnormal to the wall), v and k at two
locations(r=d D 0:5 and 1:0). Predictionsofv are fair,whereasthose
of uz are poor. The predictions on k are much too high especially
for r=d D 0:5. The k–² turbulence model does not perform well for
this type of problem. Other authors report similar observations.3;5

Signi� cant scatter is observed between predictions from various
models and authors using the k–² model always overpredict k by
a similar amount. As seen in Fig. 10, k increases signi� cantly near
the impingement region, apparently as a result of a large value of
the production term caused by the strong deceleration of the axial
jet. Experiments indicate that k does not exhibit such an increase
along the symmetry axis close to the wall.4 Behnia et al.5 suggest a
modi� ed turbulence model to alleviate this nonphysical production
of turbulence.Their model performs better for both � ow and turbu-

lence quantities.However, the degree of generalityof their model is
somewhat restricted. A crucial point here is that grid convergence
is achieved. The curves clearly overlap on each other as the mesh
is re� ned. The small differences between last cycles con� rm grid
convergence. One can say that a numerically exact solution of the
equations has been achieved, or in other words that the predictions
are veri� ed. On the basis of such veri� ed results, validation of tur-
bulence models is rigorous.

Inspection of Fig. 9 raises the issue of the positioning of the
computational boundary with wall functions. The question is this:
should we really displace the numerical boundary by a distance
y? Yes seems to be a logical answer because it agrees with the-
ory and is closer to the physics. However, it is not always easy to
proceed to such a displacement, and many authors just ignore it.
The consequencesof this choice are more important if comparison
with experimentaldata is con� ned to a small regionclose to the wall,
which is the case here.The displacementdistanceis y D 0:04, which
represents 10% of the observation zone. The results presented are
not corrected to account for this distance. Nonzero values of v and
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a) u

b) v

c) K

d) T

Fig. 10 Solution on � nal mesh for the turbulent jet.

k at z D 0 are nonphysical.But imposing u D 0 at a distance y will
also yield nonphysicalresults, especially here where u reacheshigh
values. There is also an issue in terms of mass conservation in the
zone covered by wall functions. In this case the numerical results
would be farther from the experiments if we consider a displace-
ment. Clearly, the use of wall functions is simple but not perfect.
Furthermore, wall functions were not typically designed for � ows
that are not parallel to walls.

We now turn our attention to the case when the preceding jet is
heated. A constant heat � ux is applied at the wall. The Reynolds
number is 2:375 £ 104, and the Prandtl number 0:71. The geometry
is the same as in the isothermal case except that the inlet tube thick-
ness is t=d D 0:132 instead of t=d D 0:031. The adaptive strategy is
set to reduce the error by a factor of 1.667 between each adaptive
cycle.

Figure 10 presents contoursof the solutionon the � nal mesh. The
smoothnessof thecontourlines providesa visual cue of theaccuracy
of the solution. Notice how the jet hits the wall and is deviated
radially.The radialvelocityreaches its maximumnearr=d D 0:9 and
then decreases.High levels of turbulenceand severe fronts of K are
present in the shear layer where turbulenceproductionis important.
The displayed contours are those of the computational variable K.
The correspondence to k is direct. Finally, the thermal boundary
layer is very thin, especially near the symmetry axis. However, it
grows in the radial direction. As can be seen in Fig. 11, the mesh is
well adaptedto the solution:it is re� ned where the solutiongradients
are large. Notice the re� nement along the wall, in the shear layer
emanating for the lips, and in the regions where the jet turns into a
radial wall jet.

Fig. 11 Final mesh for the turbulent jet.

Predictions of the local Nusselt number [Nu D qwd=¸.Tw T1/]
are shown in Fig. 12. The heat � ux qw is known (it is imposed),
and the temperature of the wall Tw (the real wall, not the numerical
boundary) is computed using wall functions. Predictions clearly
collapse to a single curve as the mesh is adaptively re� ned. The
solution is thus grid converged and numerically accurate. In this
case the only source of inaccuracy is that of the prediction of the
wall temperature.When the wall temperature is imposed instead of
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Fig. 12 Nusselt-number predictions for the turbulent jet.

a heat � ux, the computation of Nu involves the evaluation of the
temperature gradient, which is less accurate than the temperature
itself. In such a case grid convergenceof Nu looks much more like
the one shown in Fig. 3.

The discussionwould not be complete without comparisonswith
the experimental data of Baughn and Shimizu32 and other numer-
ical results. For r=d < 2 the numerical prediction of Nu is above
and close to the experimental data, say within about 10%. The sec-
ondary maximum near r=d D 2 is not reproduced.Farther away, Nu
is underpredicted.The code N3S developedat Électricité de France
delivers very similar results with the same turbulence model and
wall functions.3 Craft et al.6 studied the performance of four turbu-
lencemodels. Some of them reproduce the local extremum, but they
all overpredict Nu for low values of r and sometimes much more
so than the present results. Behnia et al.5 obtain somewhat better
results with their V2F model. They also illustrate the bad perfor-
mance of the low-Reynolds-numberk–² model, which overpredicts
the stagnationNusselt numberby as much as 170%. They even state
that the standard k–² model used with wall functions excessively
overpredictsthe stagnationNusselt number, but provideno detail or
numerical result to support their assertion.We have shown here that
wall functions used with mesh adaptation perform reasonably well
for heat transfer predictions, even if the � ow is not parallel to the
wall. The overprediction of the stagnation Nusselt number seems
to be related to too high a level of turbulence kinetic energy. The
underprediction further away from the axis may be a consequence
of the upstream overprediction of k and the underprediction of v.
Globally, the results are fair. It would have been surprisingto obtain
an excellent agreement for heat transfer given the poor predictions
of the � ow and turbulence � elds.

Conclusions
An adaptive � nite element algorithm was applied to laminar and

turbulent jet impingement heat transfer. Turbulent � ow simulations
use the standardk–² model and wall functions.Computationson an
analytical laminar jet con� rm the good performanceof the method-
ology in terms of accuracyand error estimation capabilities.For the
laminar jet the methodology produces grid-independent solutions
in a few cycles. Predictions are in agreement with measurements.

The turbulent impinging jet is a more complex � ow and is more
dif� cult to predict. However, grid independence is still achieved
with theadaptivemethodology,allowinga rigorousevaluationof the
validity of the model. For this problem the performance of the k–²
turbulencemodel is poor when theveri� ed predictionsare compared
with experimental data, especially for the prediction of k. More
sophisticated turbulence models should be used to obtained more
realistic results, even if heat-transfer predictions have shown to be
fair when using the k–² model with wall functions. Predictions of
the Nusselt number are much better than one would have expected
given the poor accuracy of the � ow and turbulence quantities.

In general, the adaptive methodology is a powerful approach to
handle such complex heat transfer problems and to generate accu-

rate solutions to the differential equations modeling the � ow. The
methodologyprovidescontroland quanti� cation of the error. It also
provides visual cues of grid convergence and accuracy of the nu-
merical solutions.
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